We analyze optical parametric interactions in nonlinear magneto-optical media simultaneously possessing a second-order nonlinearity and a spatial modulation of its linear optical properties. An analytic solution for the conversion efficiency of energy transfer from an optical pump to a signal wave is presented, and we discuss the possibility of tunability that is added to the parametric process.
Introduction
Three-wave coherent interactions of the class ω 3 → ω 1 + ω 2 with all energy exchanges occurring between the three field components without loss to the material medium, have been almost exclusively analyzed with linearly polarized light fields, in linearly birefringent (anisotropic) crystals where phase matching can be achieved by exploiting the linear birefringence. An alternative approach is to exploit the circular birefringence, natural or artificially induced, to achieve phase matching. This has already been discussed in the case of second and third harmonic generation in the case of optically active crystals 1,2 (natural optical activity) for linearly polarized light, and has further been analyzed in artificially gyrotropic (magnetooptic) media, [3] [4] [5] in which selection rules for circularly polarized field components have been derived, relating to the spin selection rules of single-photon parametric processes. The interest of such configurations is ultimately conditioned by the possibility of compensating the dispersion mismatch with the circular birefringence, induced through the Faraday effect.
Meanwhile, since the early days of nonlinear optics, a parallel track has been the proposition to employ Bragg gratings as the means for achieving phase matching in nonlinear processes, as earlier suggested by Bloembergen and Sievers 6 for parametric down-conversion and Brillouin scattering, employing periodic laminar structures. For the special case of second-harmonic generation, Tang and Bey 7 investigated the possibility of employing sinusoidal refractive index gratings, long before the invention of the today commonly employed fiber Bragg grating. A more generalized analysis of phase-matching of three-wave interactions in third-order nonlinear processes in gratings was performed by Yariv and Yeh. 8 Phase matching of second harmonic generation using gratings with a phase discontinuity for light localization has also been analyzed. 9 Recently, the use of nonlinear fiber Bragg gratings for the simultaneous compression and amplification of optical pulses has also been suggested, 10 in a technique where cross-phase modulation in the presence of optical Kerr effect together with the dispersion introduced by the grating causes parametric amplification of weak optical signal pulses, meanwhile automatically achieving an efficient phase matching scheme.
In all these cases of spatially modulated media, exclusively all-optical interactions have been taken into account in the phase matching schemes, and it is the aim of the present work to introduce the features of tunability and polarization state control added by also including magneto-optical interactions.
The starting point of the analysis is the vectorial electromagnetic wave equation as derived from Maxwell's equations 11 ∇ × ∇ × E(r, t) + 1 c 2 ∂ 2 E(r, t)
in which E(r, t) and P(r, t) are the real-valued electromagnetic field and polarization density vectors, respectively. Throughout the analysis of three-wave interactions carried out in the present work, we for the complex-valued envelopes of the electric field adopt the convention E(r, t) = 
Re[E ωm exp(−iω m t)],
where ω 1 , ω 2 , and ω 3 , denote the angular frequencies of the signal, idler, and pump waves, respectively, and similarly for the envelope of the electric polarization density P(r, t) = Re[P ωm exp(−iω m t)], the latter having its field envelope comprising the linear optical part
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and a nonlinear part
where the field product E ωj E ω k refers to the particular combination of two electrical field components giving rise to a a field at angular frequency ω m = ω j + ω k , taking into account the property E * ωj = E −ωj of conjugated fields. In the linear part of the constitutive relation, χ ee is the linear optical susceptibility tensor of the medium and χ eem the linear magneto-optical susceptibility. In isotropic media these tensors in Eq. (2) evaluate to the well-known linear source terms χ ee xx E ωm and χ eem xyz E ωm × B 0 respectively, the latter governing the artificially induced gyrotropy (Faraday effect). Similarly, in the nonlinear part of the constitutive relation, χ eee is the nonlinear, second-order optical susceptibility tensor of the medium and χ eeem its magneto-optical modification in the presence of static magnetic field.
In grating-assisted parametric interactions such as those considered here, the linear optical and magneto-optical properties are spatially modulated, creating an effective stop band in the spectrum. At the edges of this stop band, the group velocity dispersion as experienced by the traveling light waves, or equivalently their energy velocity dispersion, 12, 13 is considerably enhanced, and by employing this artificially introduced dispersion for any of the frequency components of the threewave interaction, an effective phase-matching scheme can be obtained also in media which otherwise are poorly fit for the regular phase matching techniques based on material dispersion and anisotropies.
The present work is divided into sections as follows: In Sec. 2, the fundamental linear and nonlinear optical properties of the magneto-optical medium is analyzed, with the constitutive relations in Sec. 3 applied to the analysis of parametric processes and wave propagation in a waveguiding structure. In Sec. 4, the linear band structure and dispersion characteristics of the magneto-optical grating is analyzed from the basis of the Bloch theory. These characteristics are essential for the further understanding of the phase matching requirements and tunability issues as discussed later on in Secs. 5 and 6, in which the wave equation is solved under the non-depleted pump approximation, providing an analytic solution to the conversion efficiency of the parametric process. In Sec. 7 the obtained results are discussed and illustrated with graphs of the signal amplification as a function of the applied static magnetic field for several configurations, with the conclusions summarized in Sec. 8.
The Medium of Interaction
For the present analysis we will assume a medium which is isotropic in its linear constitutive relations, meanwhile possessing a second-order nonlinearity supporting optical parametric interactions. The candidates for such media must, out of necessity, belong to any of the cubic point-symmetry groups 432,43m, or 23.
The remaining cubic point-symmetry groups m3 and m3m both possess inversion symmetry and do hence prohibit any second-order optical parametric interactions. For the sake of simplicity, we choose for the following analysis a medium belonging to point-symmetry group43m, or zinc-blende structure, in which the linear optical and magneto-optical properties are isotropic, and in order to further simplify the analysis we also choose a geometry in which the wave propagation occur in the 111 -direction of the crystalline lattice, this direction taken as the z-axis of the Cartesian coordinate system of the laboratory reference frame.
The elements of the susceptibility tensors evaluated in the laboratory reference frame (x, y, z) are for the rank-three all-optical tensor χ eee obtained in terms of the elements in the crystal frame (X, Y, Z) from the transformation rule for polar tensors
and similarly for the rank-four magneto-optical tensor χ eeem from the transformation rule for axial tensors
where R is the rotational matrix composed of the direction cosines between the Cartesian coordinate axes of the crystal and laboratory reference frames. The elements of the second-order susceptibility tensors expressed in the laboratory reference frame are listed in Tables 1 and 2 . For this choice of orientation of the z-axis of the laboratory frame, the linear and nonlinear optical properties of the medium are all invariant under rotation of the medium around the axis of wave propagation, hence eliminating any nonlinearly induced birefringence or cross-phase modulation between linearly polarized field components. One well-known magneto-optical material belonging to the zinc-blende pointsymmetry group43m is the semi-magnetic semiconductor Cd 1−x Mn x Te, which has been proven to also possess high optical nonlinearities. 15, 16 The chosen configuration also has the advantage that it connects to the earlier suggestions of using composite Table 1 . Nonzero elements of the second-order optical susceptibility tensor χ eee for point symmetry group43m, in the laboratory coordinate frame (x, y, z), with the z axis in the direction of the crystal 111 -direction. Capital indices of tensor elements relate to the Cartesian coordinate axes intrinsic of the crystal reference frame.
Nonzero elements a of χ eee Table 2 . Nonzero elements of the third-order magneto-optical susceptibility tensor χ eeem for point symmetry group43m, in the laboratory coordinate frame (x, y, z), with the z axis in the direction of the crystal 111 -direction. Capital indices of tensor elements relate to the Cartesian coordinate axes intrinsic of the crystal reference frame. Table II. layered structures of GaP and GaAs for the phase matching, in a geometry in which the layers were grown epitaxially with their 111 -axes normal to the layer surfaces.
Nonzero elements
b of χ eeem ijkl χ eeem yxxx = χ eeem zyyy = −χ eeem xyyy = −χ eeem zxxx = χ eeem zyyx = χ eeem zyxy = −χ eeem zxxy = −χ eeem zxyx = χ eeem zxyy = −χ eeem zyxx = a + b + c, χ eeem yyyx = χ eeem xxxz = −χ eeem xxxy = −χ eeem yyyz = χ eeem xxyz = χ eeem xyxz = −χ eeem yyxz = −χ eeem yxyz = χ eeem yxxz = −χ eeem xyyz = a + b − c, χ eeem yyxy = χ eeem xxzx = −χ eeem xxyx = −χ eeem yyzy = χ eeem xxzy = χ eeem xyzx = −χ eeem yyzx = −χ eeem yxzy = χ eeem yxzx = −χ eeem xyzy = a − b + c, χ eeem xyxx = χ eeem yzyy = −χ eeem yxyy = −χ eeem xzxx = χ eeem yzyx = χ eeem yzxy = −χ eeem xzxy = −χ eeem xzyx = χ eeem xzyy = −χ eeem yzxx = a − b − c, χ eeem xzzy = −χ eeem yzzx = 2(a + b), χ eeem zxyz = −χ eeem zyxz = 2(a − b), χ eeem xzyz = −χ eeem yzxz = 2(a + c), χ eeem zxzy = −χ eeem zyzx = 2(a − c), χ eeem xyzz = −χ eeem yxzz = 2(b + c), χ eeem zzxy = −χ eeem zzyx = 2(b − c), a ≡ χ eeem XXY Y /(2 √ 3), b ≡ χ eeem XY XY /(2 √ 3), c ≡ χ eeem XY Y X /(2 √ 3) b Calculated from Ref. 18,
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To support an all-optical second-order nonlinearity, or equivalently a secondorder electric dipolar contribution to the electric polarization density, the medium must as a basic requirement not possess inversion symmetry. 17 This follows from the transformation rule (4) of polar tensors, which if the medium under investigation is invariant under the inversion transformation R iI = −δ iI gives the well-known identity χ eee ijk = 0. This result is easily generalized to yield the fact that if the inversion operation is a symmetry operation of the medium, then all tensor elements of any all-optical source term of the polarization density which involves an even number of electric field components must identically vanish.
From this fact, one could easily be misled to believe that the magnetooptical nonlinear susceptibility χ eeem ijkl could support a second-order nonlinearity, as those source terms involve the products of three fields, two electric and one magnetic one. However, from the transformation rule (5) of axial tensors, one directly finds that invariance of the second-order magneto-optical properties under any inversion operation with det(R) = −1 still requires the tensor elements χ eeem ijkl to be identically zero. This result is, similar to the all-optical one, easily generalized to yield the fact that if the inversion operation is a symmetry operation of the medium, then all tensor elements of any magnetooptical source term of the polarization density which involves an even number of electric fields and an odd number of magnetic fields must identically vanish as well.
It should be emphasized here that we in the present terminology use the term isotropic to denote a material property which is invariant under any proper rotation, with det(R) = 1, which does not automatically include inversion symmetry as an intrinsic property. For example, the chosen point-symmetry group43m is isotropic in its linear optical properties, being a non-birefringent medium in the absence of static magnetic fields, while it still does not possess inversion symmetry, hence still possessing a second-order optical nonlinearity.
Wave Propagation
In many cases the nonlinearity and its associated inter-frequency wave interaction can be comparatively weak, and so it becomes important to keep the optical wave confined to the active region so as to ensure that the optical intensity is kept at a sufficiently high level. One solution in this respect is to employ wave-guiding structures while also maintaining a spatial modulation of the optical properties of the medium in the direction of wave propagation, such as for example in fiber Bragg gratings. 19 One advantage with this solution is also that it provides a means to keep the transverse spatial overlap of the waves in the interaction fixed, thus considerably simplifying the setup in applications. For the sake of self-consistency of the following nonlinear analysis, the separation of the radial and longitudinal dependence of the optical waves will now be outlined.
By expanding the spatial differentiation as appearing in the general wave propagation described by Eq. (1), and by furthermore assuming that the spatial variation of the optical properties of the medium is weak enough to allow the assumption
the wave equation governing the spatial evolution of the complex-valued electric field components becomes
where, in the Cartesian coordinate system of the laboratory reference frame, The direction of the externally applied magnetic field is taken as collinear with the direction of wave propagation, with B 0 = B z 0 e z in the Faraday configuration.
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The medium in which the wave propagation takes place is at angular frequency ω m possessing a linear refractive index n
whereñ m andγ m are the respective bias indices and gyration coefficients, as inherent of the bulk medium well outside the waveguiding core, and where K is the magnitude of the grating vector, related to the grating period Λ as K = 2π/Λ. Although intentionally introduced defects or other perturbations in magneto-optical gratings have been shown to provide a strong polarization state selectivity of the light localization, in a linear 23 as well as nonlinear 24 optical regime, we for the present case focus attention on a grating with homogeneously modulated phase, with ϑ being a real-valued constant. The transverse real-valued distribution function f (x, y), describing the waveguiding cross-section profile, is taken to have its maximum value of f (0, 0) = 1 at the centre of the core, outside of which it rapidly drops towards zero. For simplicity, the nonlinear optical and nonlinear magneto-optical properties at the respective angular frequencies are assumed to be homogeneous and non-modulated.
Each frequency component of the complex envelope of the electric field is expressed in the circularly polarized basis e ± = (e x ± ie y )/2 1/2 and separated into a factorized form as 
with the integration to be performed over the entire transverse extent of the modes. The form (8) of the separation of the transverse and longitudinal spatial dependence of the electromagnetic field, with identical mode profiles and propagation coefficients assumed for counter-propagating components of opposite circular polarization state, is justified by the observation that the backward traveling components experience an effective change of sign of the applied magnetic field, hence switching roles of the circular polarization states, as compared to the forward traveling components. In this form, the variable separation in Eq. (8) assumes a constant phase in the transverse xy-plane at all longitudinal positions; this hence excludes the possibility of analysis of radiation modes, limiting the discussion to the wave-guided modes.
As the factorized form (8) of the electromagnetic field is inserted into the wave equation (6), furthermore using the linear optical properties of the medium as in Eqs. (7) and applying the slowly varying envelope approximation 17 for the envelopes in the forward and backward directions of propagation, one obtains a coupled system of differential equations for the forward and backward traveling components. This system is of considerable algebraic complexity, and in order to simplify the following analysis we now apply the assumption that the pump (ω 3 ) and idler (ω 2 ) beams are out of Bragg resonance with the grating, as schematically illustrated in Fig. 1 . Under this assumption, the backward traveling components of the pump and idler wave both become zero, and the simplified coupled system for the field envelopes becomes 
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in which ∇ T = (∂/∂x, ∂/∂y) is the transverse part of the nabla operator,ñ 2 m ±γ m are the squared effective bias bulk refractive indices for the left/right circularly polarized modes,
are the left/right circularly polarized signal wave vector detunings from the Bragg resonance in reflection, and
are the corresponding phase mismatch parameters between the idler, signal and pump beams. In Eqs. (9) it is to be implicitly understood that the nonlinear optical and magneto-optical susceptibilities χ eee xxx and χ eeem xxxz are to be evaluated according to the context of the frequencies of the field envelopes, counting the angular frequencies of complex conjugated fields as negative.
The system (9) is generally not separable into its transverse and longitudinally dependent parts, due to their coupling in the presence of nonlinear terms. However, by neglecting the nonlinear optical modification to the transverse mode profile, hence relying on that the profile to a good approximation can be determined from the linear optical properties of the waveguide in the transverse plane (x, y), the system separates into a transverse part
for m = 1, 2, 3, and a longitudinal part
where the effective linear coupling coefficient experienced by the signal wave due to the periodic spatial modulation of the grating was defined as
In the following, the subscripts of a 1 and b 1 are dropped as no ambiguity is present in their meaning for the singly resonant case. In Eqs. (13), the introduced nonlinear coefficients are defined as
in which the mode profiles as calculated from Eq. (12) were incorporated in terms of overlap integrals over the spatial profiles. In Eq. (14), the initial reference phase ϑ of the grating can be chosen arbitrarily, thus allowing for the linear coupling coefficients κ ± to both simultaneously be chosen as real-valued quantities in loss-less media. The tensor elements χ eee xxx govern the all-optical, electric dipolar contribution to the parametric interaction, while χ eeem xxxz govern the small but non-negligible magneto-optically induced contribution.
Notice that in cases in which the active region of the core also defines the region of where the magneto-optical interaction takes place, that is to say if b m = 0, the effective refractive index contrast between the core and cladding will be experiencing an opposite shift for orthogonal circular polarization states. This will lead to one circular polarization state being more strongly guided than the other, with their roles interchanged whenever the direction of the static magnetic field is switched. This possibility is, in the present analysis, included by allowing for the spatial mode profiles of the orthogonal circular polarization states to have different transverse distribution functions F + (x, y) and F − (x, y).
The separation of the transverse and longitudinal dependence of the optical wave essentially limits the validity of the present analysis to the level of the weak guidance approximation, 25 which however still makes the model applicable to a large class of single-mode structures. Another benefit with this level of approximation is that we are in position to develop an analytical theory of the wave propagation, focusing on the nonlinear aspect of propagation rather than the waveguiding properties. For more complicated waveguiding geometries, or for large contrast in refractive indices between the core and surrounding cladding, usually numerical models for the wave propagation need to be employed. 26 It is important here to note that in forming the system given by Eqs. (13) , the non-resonant terms of the idler and pump are assumed to be of angular frequencies which do not coincide with higher order resonances of the grating, that is to say, their respective propagation coefficients β ± 2 and β ± 3 must not coincide with integer multiples of π/Λ. Within the scope of validity of the approximations leading to the separated form of Eqs. (12) and (13) of the field envelopes, the propagation coefficients β ± k are fully determined by the two-dimensional partial differential equation (13) . Naturally, the explicit form of the frequency dependence of these coefficients depend on the transverse distribution function f (x, y), which in the present work is taken as a generic function, as the focus here is on the wave propagation characteristics. For a detailed analysis of the explicit forms of the propagation coefficients for various profiles f (x, y), we refer to Refs. 25-27.
Linear Band Structure of Magneto-Optical Gratings
At the heart of the optical parametric process described by Eqs. (13) lies the phase matching, which depends not only on any modifications of the wave propagation as imposed by the waveguiding structure, but also on the magneto-optical properties of the medium and in particular the introduction of non-reciprocity, 22,28 which effectively distinguishes between parametric processes in the forward and backward directions relative to the applied static magnetic field.
In some cases, the change of the bulk properties by inclusion of the Faraday effect can be sufficient to provide an efficient phase matching scheme; 3 however, whenever such schemes cannot fulfill the phase matching criterion, operation at the edge of the optical band gap of a periodic structure can be employed instead.
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The feature of also including a magneto-optical effect in these structures can be appreciated as one considers their linear behavior as a function of the applied magnetic field strength.
The band structure of magneto-optical gratings can in fact be discussed qualitatively in a linear optical domain without having to specify the exact longitudinal profile of the periodic medium, as will now be shown. This analysis serves to support some arguments and qualitative discussions on phase matching of nonlinear processes as will be discussed in Sec. 5. Later on, the frequency of the signal wave will be taken as close to that corresponding to resonance of the grating. However, in order to simplify the notation, the general and more qualitative analysis as considered here is carried out for an arbitrary frequency.
The general starting point for the band structure analysis is the one-dimensional time-dependent wave equation of linear magneto-optic media in the Faraday configuration,
in which the gyration vector g(z) for loss-less media is related to the linear magnetooptical susceptibility and the static magnetic field as g = −i χ eem xyz /ω B 0 . For our current purposes, it is sufficient to consider a magneto-optic medium with its optical and magneto-optical parameters obeying the periodicity conditions
where as previously n 2 = 1 + χ ee xx is the square of the optical refractive index of the medium, γ = iB z 0 χ eem xyz is the gyration coefficient, and Λ the spatial period of their modulation. The periodicity of the material parameters implies that they can be expanded into Fourier series as
in which K = 2π/Λ is the magnitude of the reciprocal grating vector. In order to simplify the analysis, it is now assumed that the dominating terms of the Fourier expansions in Eqs. (17) are the first-order terms with m = 0 and m = ±1, as
This is in particular a highly valid approximation for fiber Bragg gratings or gratings inscribed in other waveguiding structures, which to a high level of accuracy can be modeled as being sinusoidal in their spatial modulation of the refractive index distribution.
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The transverse and circularly polarized eigenmodes of the electromagnetic field in a one-dimensional magneto-photonic crystal, which in order to be relevant for band structure analysis has to be assumed to be of infinite longitudinal extent, are characterized by wave numbers k ± as
in which the complex-valued circularly polarized electric field components are
with their envelopes satisfying the condition of periodicity
From the Bloch theory 29,30 the periodicity condition in Eq. (21) also implies that the electric field can be expressed in a Fourier expansion, as 
The goal now is to extract the dispersion relation ω(k) from these relations. By limiting to a fixed number terms in the solution chain given by Eqs. (23), say in total 2M + 1 terms with −M ≤ m ≤ M , the eigenvalue problems for the normalized eigenfrequencies ω ± Λ/πc as a function of normalized wave-vectors k ± Λ/π can be formulated as two tri-diagonal linear systems, one for each circular polariza-
in which the diagonal elements are
for m = −M, . . . , M, and with all sub-and super-diagonal elements being equal for each polarization state,
By requiring the determinant of the system matrix of the eigenvalue equation (24) to be zero, one obtains two (2M + 1)-order polynomial equations for the squared normalized eigenfrequencies as a function of the normalized wave vectors, with one polynomial for each circular polarization state of light. These equations form the implicit solution curves for the dispersion relations ω + (k + ) and ω − (k − ), and their solution for the case of the left circular polarization state is shown in Fig. 2 , for the case of a non-dispersive medium and for the sake of simplicity in the limit of zero modulation of the magneto-optical coefficient, withγ +1 =γ −1 = 0. In the numerical calculation of the band diagram shown in Fig. 2 , a value of M = 7 was used, and in order to clearly illustrate the band gap and effect of the magnetooptical interaction, the refractive index modulation and gyration coefficient were exaggerated compared to a real medium such as, for example, a fiber Bragg grating, in which the frequency width of the band gap typically is of the order of 10 −4 of its center frequency; an explicit formula for the width of the band gap in magnetooptical gratings is given in Sec. 5. As shown by the solid graph in Fig. 2 , the main impact of the inclusion of magneto-optical interactions is the symmetry-breaking of the dispersion characteristics of forward and backward traveling modes of the electromagnetic field. While the dispersion curve of the forward traveling mode for positive values ofγ is effectively shifted upwards by the magneto-optical interaction, the dispersion curve of the backward traveling is shifted in the opposite direction. As the optical band gaps as experienced in forward and backward directions of propagation are shifted in opposite directions relative to each other, illustrated by the gray regions in Fig. 2 , this implies that the spectral selection and transmission characteristics of the grating can be considerably different in opposite directions of propagation. In particular, for nonlinear optical processes this means that a circularly polarized wave launched in the backward direction will experience a considerably different situation for the phase matching in comparison to the same polarization state being launched in the forward direction.
The symmetry breaking as demonstrated here is a property not only intertwined with the magneto-photonic crystals, but also applies to microscopic electronic properties of magneto-optic media in general. In fact, a similar skewness is naturally found for example in the electronic band structure of magnetic semiconductors. 
Two Limiting Cases in Wave Propagation
Before proceeding with actually solving the nonlinear and coupled system of Eq. (13), the solution to the two limiting cases of a linear medium and a spatially non-modulated medium will be discussed. These special cases are important as references for the design process, since the linear optical regime essentially sets the dispersion characteristics necessary for achieving an efficient phase matching, while the case of a longitudinally spatially uniform medium sets the reference level of parametric amplification, against which the figure of merit of the grating-enhanced configuration is judged.
Linear regime
For the case of linear wave propagation the nonlinear source terms are neglected, and the system (13) is considerably simplified by noticing that no backward scattering occur for wave components other than those belonging to the signal wave. The resulting linear coupled equations of motion for the signal wave are straightforward to integrate analytically, to yield the general solution for the forward and backward traveling components as
in which the short-hand notation ξ ± = |κ ± | 2 − α 2 ± 1/2 was introduced, incorporating the frequency detuning α ± of the signal as given by Eq. (10), and the propagation coefficient of the waveguiding structure via the coupling coefficient κ ± as given by Eq. (14) . In Eqs. (25) , G ± 1 and G ± 2 are constants of integration determined by the boundary conditions of the grating. The solutions given by Eqs. (25) should not be confused with the dispersion relation as previously obtained by the Bloch theory, as the latter relates to an infinite medium with perfect band gaps, serving so as to discuss the asymptotic limit of phase matching, while the present solutions relate to a medium of finite length. However, in the limit of an infinitely long grating the two cases naturally converge.
By applying the boundary condition that no light is input at the exit end of the grating, the requirement on Eq. (25b) yields A b∓ 1 (L) = 0. By furthermore expressing the solutions in terms of the original complex field envelopes by using Eqs. (8), the explicit solutions for the forward and backward traveling components are
The explicit solutions given by Eqs. (26) fully specify the intra-grating spatial evolution of the optical fields at low intensities, and are highly useful for design purposes. 
satisfying the polarization-dependent Stokes relation |τ ± | 2 + |ρ ± | 2 = 1. Notice that in this regime, the reflection and transmission coefficients seem to be independent of the transverse spatial profile of the waveguiding structure; however, the influence of the waveguiding on the reflection or transmission spectra is always present through the modification of the propagation coefficients β ± 1 , which in turn effectively shifts the response of the grating in the spectrum as compared to a stratified medium in which no dependence on the transverse coordinates is present.
From Eqs. (27) , the stop band corresponding to the band gap as derived from the Bloch theory in Sec. 4 is obtained as the parameter domain in which ξ ± are real, or
From this, a measure of the spectral width ∆ω ± of the band gap for left/right circular polarization states can be obtained by approximating the propagation coefficients of the signal as β
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Another important figure of merit of the grating is the transmission extinction ratio, which is given as the quote between the minimum transmission at Bragg resonance, at ω res = cK/2ñ 1 , and the (unitary) maximum transmission. In a logarithmic (dB) scale, the extinction ratio for left/right circularly polarized modes is obtained from Eqs. (27) as
For strong gratings with moderate magneto-optical modification of the propagation coefficients, this logarithmic extinction ratio is well approximated by
In particular, whenever (a ± b)L/ñ 1 Λ ≥ 2.7, corresponding to gratings with an extinction ratio of at least 14.4 dB, a comparison between the exact expression (29) and its approximation (30) reveals that the relative error introduced by the approximation always will be less than one percent. The signal transmission spectrum given by Eq. (27a) is shown in Fig. 3 . For more complicated distributions of the refractive index or magneto-optical gyration coefficient, one can instead discretize the medium into finite elements with the subsequent application of the transfer matrix formalism of magneto-optical Bragg gratings to yield numerical results with high accuracy, in linear as well as nonlinear optical regimes, in the latter for example incorporating optical Kerr-effect and the 
Non-Resonant signal
As a figure of merit for the grating-assisted parametric conversion, the special case of spatially non-modulated medium is of particular importance. This case has previously been analyzed for magneto-optical parametric down-conversion 3,32 as well as in optical parametric oscillators, 4 and we will only quote here the main results in terms of the explicit solutions for the field envelopes, using the same notation as in the present work.
For magneto-optical parametric processes in spatially homogeneous media with a = b = 0, an exact solution to Eqs. (13) is in the non-depleted pump approximation obtained as
where
is the effective gain parameter of the interaction, incorporating the phase mismatch parameter β ± as given by Eq. (11). In the absence of an initial idler wave, the signal amplification is in a medium of geometrical length L obtained from Eqs. (8) and (31a) as
Whenever the medium is enclosed in optically resonating structures, such as a Fabry-Pérot cavity, exact solutions can also be obtained in terms of Jacobian elliptic functions without employing the non-depleted pump approximation. 4 However, for our present purpose the simplified solutions obtained within the non-depleted pump approximation are sufficient, since it is within this scope of approximation the final analysis of the equations of motion (13) is to be performed.
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Non-Depleted Pump Approximation
Whenever the energy transfer rate from the pump field to the signal and idler ones is small as compared to the energy flow of the pump itself, we may in the singly resonant case approximate the non-resonant pump beam as being of constant magnitude across the medium of interaction. Within this approximation, which applies generally whenever
2 , the equations of motion (13) for the remaining components of the signal and idler fields take the simpler form
The exponential spatial dependence in Eqs. (33) 
This substitution transforms the system given by Eqs. (33) into the autonomous differential equation
is a vector containing the normalized and dimensionless envelopes of the interacting fields, and A ± is the complex-valued system matrix governing the linear and nonlinear self-coupling and idler cross-coupling between the forward and backward traveling signal modes,
in which
is the gain parameter describing the strength of the nonlinear energy transfer between the signal and idler,
is the bias resonance detuning of the propagation coefficients of the signal,
is the differential, magneto-optically induced resonance detuning of the signal,
is the bias phase mismatch of the optical parametric process, and finally
is the differential, magneto-optically induced phase detuning of the parametric process, with β ± as previously given by Eq. (11) . Notice that while the bias phase mismatch parameter β involves the difference between the propagation coefficients of the pump, signal and idler, the magneto-optically determined differential phase detuning acts so as to sum all rotatory strengths of the pump, signal and idler waves.
In bulk media, withγ 1 ñ 1 and a = b = 0 in Eqs. (12), with no waveguiding modification to the propagation coefficients, the parameters given in Eqs. (37)-(40) are simply related to the refractive index and gyration coefficients as
As in the case of the grating parameter κ ± , the interaction strengths η ± for orthogonal circular polarization states can always be chosen as real-valued by choosing the initial phases of the pump field, corresponding to a choice of initial orientation of the input polarization ellipse. However, this possibility, contrary to the grating parameter, is dependent on the rotational symmetry of the medium around the axis of wave propagation, that is to say the freedom of choice is opened up by choosing the laboratory z-axis as pointing in the 111 -direction of the chosen crystal belonging to point-symmetry group43m.
The general solution to the system (35) of linear ordinary differential equations is
where λ of differential equations (13) has been reduced to the problem of finding the eigenvalues, determined by the equation
and the corresponding eigenvectors, determined by
where I denotes the rank-three identity matrix. The complex third degree polynomial equation (42) can, after some straightforward algebra, be solved analytically for the eigenvalues λ 
for k = 1, 2, 3.
Together with the forms of the variable transformations as used in Eqs. (8) and (34), the eigenvalues and eigenvectors fully determine the general solution for the optical field evolution inside the medium of propagation, in terms of the material properties and optical frequencies. However, in order to determine the coefficients of integration c k , which in turn determine the reflected and transmitted field components from given input signal and idler fields a f 1 (0) and a f 2 (0), boundary conditions must be applied. By evaluating the expression (41) at the beginning (z = 0) and end (z = L) of the grating, and furthermore imposing the condition that the backward traveling field component at the end of the grating vanish, the constants of integration c k± are obtained as
where the notation e k± = exp λ (k)
± L was introduced for the sake of algebraic simplicity. The transmitted and reflected field envelopes of the signal (ω 1 ) and idler (ω 2 ) waves are then from the integration constants and incident field envelopes explicitly obtained as 
Although being somewhat complex in their algebraic appearance, Eqs. (41)- (46) form an explicit and analytical solution to the signal and idler field evolutions in optical parametric conversion in magneto-optical Bragg gratings.
Discussion
As an illustration of the optical parametric process in magneto-optical Bragg gratings, we consider a medium in which only the index of refraction is spatially modulated, with the linear magneto-optical properties being uniform over the extent of the grating, with b = 0. For simplicity in presenting the ideas, we choose to also neglect the usually small magneto-optical contribution to the nonlinearity, with χ eeem xxxz = 0. However, it should be emphasized that the explicit solutions given by Eqs. (41)- (46) include these terms as well, and that the method of numerical evaluation is identical in these cases. Assuming the nonlinear susceptibility to be roughly one tenth of that of common nonlinear materials possessing a second-order nonlinearity, such as for example LiNbO 2 , the second-order susceptibility is chosen as χ The logarithmic amplification of a left circularly polarized signal in transmission of a nonlinear grating possessing these material parameters and pump intensity is shown in Fig. 4 , as a function of the grating detuning parameter α. This graph acts as a design example illustrating optimization of the detuning parameter in designing a proper phase matching scheme of the grating, and in order to determine which regions allow an enhancement over the case of a uniform medium, the corresponding amplification in a non-modulated case is included as well. As shown in the figure, the presence of the optical stop band effectively blocks any signal amplification in the resonant region of the grating. However, at a bias detuning of α = −4.66 cm −1 the signal amplification is considerably increased, reaching a peak value of 13.8 dB. This clearly illustrates the radical impact which can be achieved of the band gap dispersion in grating-assisted phase matching of the parametric amplification. Far from the band gap the amplification asymptotically approaches that of a uniform medium, as expected when the off-resonance transmission reaches unity.
The effect of the band-gap dispersion on the phase matching is not limited only to the transmission mode of amplification; in reflection mode the effect can also be considerable, as shown in Fig. 5 . In this case, the signal amplification is even higher, reaching a value of 17.9 dB at the same detuning as for the transmission maximum. As can be seen in the graph, some amplification occurs also in the band gap in reflection mode, though far from ideal levels. However, due to that the test grating as considered here is chosen as not being apodized at the ends, the resulting Gibbs oscillations 19 at the edges of the band gap are considerable, causing the reflected amplified signal to oscillate heavily with the detuning α. This makes the amplification sensitive to variations of the environment of the interaction, such as temperature and strain fluctuations. This potential problem, however, opens up for one of the features brought in by the inclusion of magneto-optical interactions, namely the tunability by means of the strength of the applied static magnetic field, which can be used for compensation of any deviations of parameters of the basic design.
The requirement for the magneto-optical interaction strength to be sufficient for compensation of any drift in the detuning parameter α is that the differential detuning δ should be able to reach a value corresponding to at least a few widths of the peaks in the Gibbs oscillations, in this case in the order of 1 cm also the shifting of the response of circularly polarized fields in opposite directions in the spectrum. This effect is shown in Fig. 6 for a linearly polarized input signal 
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and pump. As shown in the figure, the peaks of amplification are clearly resolved between the reflected left and right circular polarization states.
In the grating-assisted parametric amplification as considered here, the periodic modulation of the medium and the associated detuning parameter α clearly have the main roles in achieving a high efficiency, with the magneto-optical interactions providing the means to adjust any imperfections or deviations of the design set by the bias detuning. For instance, by choosing operation at the optimum of amplification in reflection in the absence of static magnetic fields, this naturally means that the amplification of the signal will decrease as the magnetic field sets in, in a symmetrical manner as illustrated in Fig. 7 ; the point here is rather that the magneto-optical interaction should be employed as a means for compensation whenever environmental changes causes a drift in the optimum amplification, using the tunability as illustrated in Fig. 6 .
Associated with the magneto-optical interaction is also the polarization state selectivity in the amplification. By again choosing the case of optimum amplification in the absence of magnetic fields, for which we expect the degenerate case in which left and right circular polarization states act on equal footing, the case of a linearly polarized signal and pump gives a linearly polarized amplified signal. As the magnetic field is switched on, the polarization state of the amplified signal naturally varies with the applied field strength; however, in contrast to the case of the amplitude, the polarization state of the amplified light shows clearly asymmetrical characteristics with respect to the applied static magnetic field, as shown in Fig. 8 , 
Conclusions
In conclusion, we have presented an analytical theory of optical parametric interactions in magneto-optical Bragg gratings. The non-reciprocity introduced in the band structure of magneto-optical gratings was discussed in terms of Bloch theory of infinite media, and further linked to cases with gratings of finite extent. Phase matching schemes for optical parametric amplification relying on the dispersion characteristics introduced by a spatial modulation of the linear optical properties of the medium were discussed, and by imposing linear magneto-optical effect onto the phase matching we have shown the symmetrical and asymmetrical impacts on the amplitude and polarization state of the amplified signal, respectively. An advantage with using small modulation amplitudes of the refractive index together with a longer grating is that the effective interaction length of the nonlinear process increases, while also providing for a very narrow optical band gap, which enables a wide magneto-optical tunability at moderate magnetic field intensities also in media with small Verdet constants.
